Abstract. In this paper, we derive curvature estimates for strongly stable hypersurfaces with constant mean curvature immersed in R n+1 , which show that the locally controlled volume growth yields a globally controlled volume growth if ∂M = ∅. Moreover, we deduce a Bernstein-type theorem for complete stable hypersurfaces with constant mean curvature of arbitrary dimension, given a finite L p -norm curvature condition.
Introduction
In [11] , R. Schoen, L. Simon and S.T. Yau proved a curvature type estimate for stable minimal hypersurfaces in higher dimensional Riemannian manifolds, which yielded the general Bernstein theorem for n 5. Then for the surface case, the estimate of this type was generalized to stable minimal surfaces immersed in a general three-manifold by R. Schoen in [12] , and he proved that a complete stable minimal surface in a three-manifold of nonnegative Ricci curvature is totally geodesic. Later in [7] , T. Colding and W. Minicozzi gave another type of estimates for stable minimal surfaces in a three-manifold with trivial normal bundle.
As to hypersurfaces with constant mean curvature (or simply CMC hypersurfaces), P. Bérard and L. Hauswirth obtained a curvature type estimate for strongly stable CMC surfaces immersed in space forms in [4] , which was generalized in [15] to strongly stable CMC surfaces in a general three-manifold with bounded sectional curvature and trivial normal bundle by S. Zhang.
For stable CMC hypersurfaces in higher dimension, Y. Shen and X. Zhu have proved that a complete stable minimal hypersurface in R n+1 with M |A| n dv < ∞ must be a hyperplane [13] , which was later generalized to strongly stable CMC hypersurfaces with M |φ| n dv < ∞ by themselves [14] . For conditions of this type, the conclusion remains true, if M |φ| 2 dv < ∞ (n 5) by Alencar and do Carmo [2] , or M |φ|dv < ∞ (n 6) by Shen and Zhu [14] .
In this paper, we will prove curvature estimates for strongly stable CMC hypersurfaces in higher dimensional Euclidean spaces, given a local volume growth condition. We also prove a Bernstein-type theorem without a dimensional as-
Throughout this paper, φ : M n → N n+1 (c) is an isometric immersion with constant mean curvature H into a space form of constant sectional curvature c. The second fundamental form is denoted by A, and φ is the traceless second fundamental form defined by
The volume element of M is denoted by dv. B R denotes the intrinsic geodesic ball in M, and the extrinsic ball is denoted by
where B R (x) is the open ball of radius R in R n+1 , and r is the Euclidean distance
We say a CMC hypersurface is strongly stable, if for any
which is equivalent to
On the other hand, a hypersurface with constant mean curvature is weakly stable,
For H = 0, an immersion is called stable when it refers to the natural stability on minimal hypersurface, i.e., for all h ∈ C ∞ 0 (M).
The main results of this paper are as follows.
Theorem 1.1. Let M n be an oriented strongly stable hypersurface with constant mean curvature H immersed in R n+1 (n 2). If there exists R 0 , such that for all R < min{R c , r(x, ∂M)} and for some α (not necessarily positive),
where the constant C 1 is independent on R and x. Then for some δ = δ(α) > 0, there exists r 0 = r 0 (n, H, α, δ) 1 such that for any x ∈ M satisfying B C r 0 (x) ∩ ∂M = ∅, the following inequality holds
This theorem shows that the controlled local volume growth implies a controlled global volume growth.
where V (n, K, R) stands for the volume of the geodesic ball of radius R in the n-dimensional space form of sectional curvature K.
As an application of the theorems above, we prove the following Bernstein-type theorem.
n be a complete oriented hypersurface with constant mean curvature H immersed in R n+1 (n 2) and ∂M = ∅. Assume there exists
(1) If M is weakly stable with H = 0, then M has to be a round sphere;
This paper is organized as follows. In section 2, we follow [11] to get L p estimates for |φ| in space forms, using Simons' inequality and stability inequality. Section 3 is devoted to obtaining a local curvature estimate by a general mean value equality, which depends on a locally controlled volume growth. In Section 4, we prove a Bernstein-type theorem, given a finite L p -norm curvature condition.
L p Estimates
At the very beginning, we need a Simons' inequality. See [5] or [1] for reference.
Lemma 2.1.
Then, we can derive a standard L p estimate for |φ|. 
Proof. First, we multiply (2.1) by f 2 |φ| 2q , integrate over M and integrate by parts, which gives
On the other hand, replacing f in (1.1) by f |φ| q+1 , we have
Then, by multiplying (2.2) by (1 + q) and adding up with (2.3), we get
Using Young's inequality on the last term of (2.3) and using (2.4), we obtain
and fix a proper ε. Again from (2.5) by Young's inequality, we obtain
So replacing f in (2.6) by f q+2 , the proof is done.
Now we consider the case c = 0, i.e. N = R n+1 . From Lemma 2.1, we know that in the R n+1 case, 1 2 ∆|φ|
Then by following the proof of Proposition 2.2, we get the following proposition. 
Curvature Estimates
In this section, we will first prove Theorem 1.1. This type of curvature estimate can be seen in [6] or [7] . Lemma 3.1. Let M n be an oriented hypersurface with constant mean curvature
Proof. It is obvious that we only need to consider the case that
is also a hypersurface with constant mean curvature under the standard metric of a product space.
Define a function on M by
Thus, by the mean value inequality for subharmonic functions proved by Michael and Simon [10] , letting x = x 0 , t = 0 and using the condition R 1, we get
where ω n+1 denotes the volume of the unit ball in R n+1 , and dv denotes the volume element of M . By
Then, we have
By the general mean value inequality in Lemma 3.1, we are now able to prove Theorem 1.1.
Proof of Theorem 1.1. Without loss of generality, we assume R c = 1. For a chosen 0 < r 1, and
Then sup
If σ 2+2δ 0 |φ| 2 (x 0 ) 1, then the inequality is true. Otherwise, assume
So from (2.7), we know that in
By using Lemma 3.1 and Proposition 2.2 and choosing a standard cut-off function, we have
So we choose some δ > − α 5
, and then choose r to be (3.6) 0 < r = r 0 < C 5 (n, H)
Then we get a contradiction, which completes the proof. , obtaining that for any x ∈ M,
which completes the proof by the volume comparison theorem. With the Sobolev inequality proved in [9] or [10] , we are able to prove the Schoen-Simon-Yau type curvature estimate by Moser iteration. Proof. From (3.9), we know that, for s 1, For n 2, we multiply (3.9) by ξ 2 f s and replace h by ξ 2 f 2s in Sobolev inequality in Lemma 3.2. Then by combining the two inequalities together and choosing ξ to be standard cut-off functions defined on intrinsic geodesic balls of M, we get (3.11)
So by taking R 0 < 1, R i+1 = R i − r i , r i = 2 −i−2 R 0 < 1, q i = ( (2) By setting q i = (q + 2)( n n−1 ) i (q 0) and R > R 0 = 1, we can derive an inequality similar to (3.13), which completes the proof.
